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 The characteristics of fibers suspensions depend on the properties of fibers, the 
suspending fluid, and fiber-fiber interactions. This thesis demonstrates the development 
and application of a novel coupled method (lattice Boltzmann and finite element 
methods) to investigate these relationships. Fibers are modeled as flexible rod particles 
which are simulated by the finite element method. The fluid flow that causes the fibers to 
deform is calculated by the lattice Boltzmann method.  The method is extended from the 
two dimensional case to the three dimensional case. 
 Results from simulation show the rigid fiber in simple shear flow produces a good 
agreement for orientation of a fiber relative to the theoretical study by Jeffery (1922). The 
flexible fiber exhibits an increase on the rotational period from the rigid fiber due to more 
deformation shape is revealed during rotation.  
 The simulation technique demonstrates the ability to simulate fiber-fiber 
interactions to further study of relative viscosity of suspensions in shear flow. Simulation 
results show that fiber orientation and relative viscosity depend on the fiber 
characteristics (fiber aspect ratio, fiber flexibility, and volume fraction). The results are 
verified against known experimental measurements and theoretical results.  
 The broad aim of this research is to better understand the behavior of fibers in 
fluid flow. It is hoped that future researchers may benefit from the new technique and 







 Fiber suspensions are an important part of many different industrial processes, 
e.g., the papermaking process and manufacturing fiber-reinforced composites. The key 
parameters of concentration, fiber aspect ratio, and fiber flexibility are used to classify 
fiber suspensions. In addition, fiber orientation affects the rheological characteristics of 
the suspensions.  
 In papermaking, the fibers are slender particles that vary in length, width, and cell 
wall thickness, and these properties differ widely within and between wood species. 
Hardwood fibers are shorter than softwood, make lower strength pulps, and usually 
exhibit a narrower distribution for their important dimensions. Softwood and hardwood 
fibers are both papermaking fibers and the size differences are inherent features. Pulp 
fibers typically consist of 40 – 50% cellulose, 20 – 35% hemi-cellulose, 15 – 35% lignin, 
and the remaining fraction contains resins, ash, and a whole range of miscellaneous 
compounds. 
 One of the prime difficulties in papermaking is fiber flocculation. Fibers tend to 
entangle together and create small, concentrated areas called flocs. Mason & Manley 
(1957) find that mechanical entanglement is the principle reason for flocculation. Fibers 
entangle, bend, and remain networked from frictional forces transmitted by fibers that are 
locked into bent configurations. It is well established that fiber flocs are generated by 
mechanical entanglement. The result of fiber flocculation and a preferred fiber orientation 
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is non-uniformity in paper sheets. This non-uniformity can adversely affect final product 
properties such as strength and printing quality. Also, high non-uniformity causes 
increases in coating consumption. Thus, understanding the factors that control the 
suspension properties in papermaking process is crucial.   
 The goal of this work is to obtain insight into fiber suspensions by studying the 
behavior of flexible fibers in shear flow using a coupled lattice Boltzmann and finite 
element method. In Chapter 2, prior works by other researchers in the area of fiber 
suspensions are introduced and discussed. The comparisons among fiber simulation 
methods as applied in fiber suspension rheology are discussed. From chapter 2, it is 
desired to understand the fundamental or background and motivation following the 
subsequent work of next chapters. 
 Chapter 3 contains computational method and simulation results. The background 
of the lattice Boltzmann method and finite element method are discussed. A coupled 
simulation method (lattice Boltzmann and finite element methods) is presented for 
investigating the relationship between fiber characteristics and the properties of fiber 
suspensions. Fibers are modeled as rigid and flexible rod like particles.  The particles are 
simulated using the finite element method. The fluid flow that causes particles to deform 
is determined by the lattice Boltzmann method. The fibers may interact through contact 
forces to study the fiber characteristics that affect the fiber orientation and flocculation. 
Fiber-fiber interactions are discussed thoroughly in this chapter.  
 The simulation results are presented for two dimensional and three dimensional 
cases. Each case is evaluated with the theoretical and experimental values. Furthermore, 
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the fiber characteristics, fiber aspect ratio and fiber flexibility, are considered to 
investigate fiber orientations and fiber end segment displacements.  
 Rheological property as relative viscosity of simulated fiber suspension in simple 
shear flow is presented in Chapter 4. The suspension viscosity is strongly influenced by 
fiber flexibility, fiber aspect ratio, and volume fraction. The model is extended to 
simulate a fiber suspension in a simple diverging channel for papermaking application. 
The preliminary result is presented.  
 Finally, the main conclusions from this research are summarized in Chapter 5. 






 In general, the motion of Newtonian fluids is given by the Navier-Stokes 
equations and continuity equations. The Navier-Stokes equations are the fundamental 
partial differential equations that describe the flow of incompressible fluids (constant 











    (2.1) 
 
where: zyx wvu eeeu ++=  is the velocity vector with its three components (u, v, w) and 
P is the pressure. The kinematic viscosity ( ρ
μν = ) is the dynamic viscosity (μ  ) 
divided by the density ( ρ ) for a Newtonian fluid. The term Fg represents a volumetric 
force (for example gravity), which can be neglected in some problems. The term on the 
left-hand side of the equation is due to the acceleration of the fluid, also referred to as 
inertia terms, whereas on the right-hand side of the equation the first term is the pressure 
gradient (force), and the second term represents viscous forces. A principal difficulty in 
solving the Navier-Stokes equation arises because of the nonlinearity in the convective 
acceleration terms. There are no general analytical schemes for solving nonlinear partial 
differential equations, and each problem must be considered individually. For most 
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practical problems, fluid particles do have accelerated motion as they move from one 
location to another in the flow field. Thus, the convective acceleration terms are usually 
important; however, there are a few special cases for which the convective acceleration 
vanishes because of the nature of the geometry of the flow system. 
 The Navier-Stokes equations apply to both laminar and turbulent flow, but for 
turbulent flow, each velocity component fluctuates randomly with respect to time and this 
added complication makes an analytical solution intractable. 





,     (2.2) 
 
To solve this system of equations, initial and boundary conditions are needed. A rigid, 
impermeable or solid wall is employed for a boundary condition. This condition implies 
that no fluid is able to pass through the wall, consequently, the wall normal velocity is 
zero. Additionally, the two other components (parallel to the wall) are also zero. This 
boundary condition is usually referred to as a no-slip condition.  




dm ,      (2.3) 
where U is the velocity (or angular velocity) of the particle, m is its mass (or moment of 
inertia) and F is the total force (or torque) acting on the particle.  
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 A useful non-dimensional parameter for determining the behavior of fluid flows is 
referred to the Reynolds number. This parameter could be used as a criterion to 
distinguish between laminar and turbulent flow. In most fluid flow problems there will be 
a characteristic length, l , and a velocity, U, as well as the fluid properties of density, ρ , 
and dynamic viscosity,  μ , which are relevant variables in the problem. Thus, with these 
variables the Reynolds number 
    
μ
ρUL
=Re ,      (2.4) 
arises naturally from the dimensional analysis. The Reynolds number is a measure of the 
ratio of the inertia forces to viscous forces on the fluid. When these two types of forces 
are important in a given problem, the Reynolds number will play an important role. 
However, if the Reynolds number is very small (RE << 1), this is an indication that the 
viscous forces are dominant in the problem, and it may be possible to neglect the inertial 
effects; that is, the density of the fluid will not be an important variables. These flows are 
commonly referred to as creeping flows. Conversely, for large Reynolds number flows, 
viscous effects are small relative to inertial effects and for these cases it may be possible 
to neglect the effect of viscosity and consider the problem as one involving a non viscous 
fluid or inviscid flow.  
 These basic fluid mechanics equations can be used to theoretically model the 
motion of fibers in fluid in order to obtain the rheological characteristics of fiber 
suspensions, such as orientation diffusion coefficient, and bulk stress. There are several 
steps which have been summarized by Petri (1999), being: (1) modeling the motion of 
individual fiber, (2) modeling the evolution of the orientation distribution of many fibers, 
and (3) estimating the contribution fibers to the rheological characteristics.  
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 Mackaplow & Shaqfeh (1998) study the fiber motion during sedimentation. They 
find that the motion of a fiber depends on its orientation in the flow field. The fiber 
orientation is an important physical quantity. This effect is seen in extrusion of fiber-
reinforced composites and in papermaking, where the mechanical properties are strongly 
linked to the fiber orientation. Hence, the interaction between fibers, the effect of the 
fiber structure on the rheological properties of fiber suspensions, and the fiber orientation 
distribution in flow fields are important problems bearing on both scientific interest and 
industrial applications.  
 The volume fraction and fiber aspect ratio are two parameters influencing the 
structure and rheological properties of fiber suspensions. The volume fraction, φ,  is 
defined as the total volume of particles in a unit volume of suspension. The number 
density, n, is the number of particles per unit volume of suspensions, which is a 
parameter equivalent to the volume fraction, i.e. φ = n x (volume of one particle). The 
aspect ratio, Ar, is defined as the length of the particle, L, divided by the diameter of the 
particle, d. The rheological properties and fiber structures are the result of the interaction 
among fibers in the suspension flow. The fiber interactions depend not only on the 
number of fibers in a certain volume, but also on the length of fibers.  
 Krekes & Schell (1992, 1995) introduce the concept of Crowding Factor, Nc,   













     (2.5) 
Experimentally, Kerekes has derived a relationship between the Crowding Factor and 




Table 1:  Fiber contacts at different crowding factor levels 
Crowding Factor Concentration Type of fiber contact 
Nc < 1 Dilute Rare Collision 
1 < Nc < 60 Semi-Concentrated Frequent Collision 
Nc > 60 Concentrated Continuous Contact 
 
Different group parameters, such as nL3 and nL2d, are used to classify fiber suspensions. 
For suspensions with rod-like particles, the volume fraction is LndLdn 22 4 ≈= πφ . 
These two parameters are equivalent to φ Ar2 and φ Ar, respectively. Fiber suspensions are 
divided into three regimes: dilute, semi-dilute, and (semi-) concentrated regimes (See 
table 2).  
 
Table 2: Regimes in fiber suspensions 
 Regime Type of fiber contact 
nL3 << 1 Dilute Rare Collision 
nL3 > 1 or nL2d > 1 Semi-Dilute Frequent Collision 
nL2d > 1 (Semi-)Concentrated Continuous Contact 
 
The suspension is called dilute if there is much less than one fiber, on average, in a 
volume of V = L3. Each fiber can therefore freely rotate without any hindrance from 
surrounding fibers with three rotational degrees of freedom. Since there is at most only 
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one fiber in a volume V, this leads to V
Ld 2<<φ , i.e. nL3 << 1 or  φ Ar2<< 1. In the 
semi-dilute regime, the number density of fibers should be in the range of 
dLV 2
11 << φ . This leads to . nL3 > 1 or nL2d > 1  or  1 < φ Ar2< Ar. In semi-dilute 
suspensions, the average distance between two neighboring fibers is greater than a fiber 
diameter, but less than a fiber length. The hydrodynamic interactions among fibers 
become stronger but do not drive significant fiber-fiber contacts. Finally, the 
concentration regime  φ Ar > 1  or  nL2d > 1 is called (semi-) concentrated, where the 
average distance between two neighboring fibers is less than its diameter. Therefore, a 
fiber cannot rotate independently except about its symmetry axis; any motion of the 
fibers must necessarily involve a cooperative effort of all surrounding fiber, and fiber-
fiber contacts are dominant. 
  
 Single fiber in motion 
 For dilute suspensions, nL3 << 1, there is much less than one fiber in a volume of 
L3 on average and hydrodynamic interactions among particles are negligible. Each fiber 
moves as a single fiber and the inertia and Brownian motion of the fibers are usually 
negligible. The basic study of dilute particle dynamics is attributed to Jeffery (1922). He 
investigates the motion of a rigid ellipsoid particle in shear flow, neglecting inertia. His 
analytical solutions describe the orientation of the particle, and his calculations show that 
a particle rotates around the vorticity axis in a path known as Jeffery’s orbit. 
 Experimentally, Forgac & Mason (1959) calculate the average rotation of fibers in 
linear shear flow, both in the dilute and semi-dilute regime. They conclude that Jeffery’s 
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theory continues to provide a good approximation describing fiber rotation, even in the 
semi-dilute regime.  
 In a fiber suspension (no fiber-fiber collisions), the stress will vary periodically 
and never reach a steady-state condition. Jeffery’s theory gives coupled differential 













GtAϕ ,   (2.6) 




,   (2. 7) 
 
where Ar  is the fiber aspect ratio (Ar=L/d where L is the particle length and d is the 
particle diameter), G is the shear rate, and C is a constant of integration, called the orbit 
constant.  
 
Figure 2.1: Schematic showing a single fiber in a simple shear flow  
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The time, t is the local time in the orbit and the constant C can take any positive values. 
With C=0 , the fiber is aligned along the z-axis, and the orbit constant corresponds to a 
log rolling motion where the fiber spins in the vorticity direction. An orbit constant of 
C  ∞ the fiber corresponds to rotating in the xy plane, in which the fiber tumbles in the 
plane of shear.  
 The time the fiber spends in the orbital period depends on the shear rate and the 
aspect ratio. In general, a single fiber with a large aspect ratio spends most of the time 
roughly aligned in the direction of flow and quickly flips every half period.  For very 
slender particles with fiber aspect ratio Ar >> 1, the theory by Jeffery can be simplified, 












=      (2.9) 
Jeffery’s theory provides a relation between the rate of rotation and the aspect ratio, and 
resulted in an introduction of an effective aspect ratio. Bretherton (1962) extends the 




1−+= π ,    (2.10) 
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if an effective aspect ratio Areff is used. However, several studies have tried to determine a 
uniquely defined effective aspect ratio, and this has not been realized. The values depend 
on the aspect ratio and shape of the fiber ends.  
 Experimentally Mason & Manley (1957) estimate that Areff = λAr where λ =0.7   
for Ar = 19.1, and λ =0.64   for Ar = 66. Additionally, Petrich & Koch (1998) determine  
λ = 0.687 for Ar = 50, and λ = 0.623 for  Ar = 70. These results agree with the formula 







= ,     (2.11) 
where K is a constant depending on the aspect ratio of the actual particles.  
 
Fiber suspensions 
 When nL3 ≥ 1, the hydrodynamic interactions among fibers become stronger and 
cannot be neglected. This regime of the fiber suspensions can be considered as semi-
dilute or semi-concentrated. Koch & Shaqfeh (1990) develop a semi-dilute theory and 
validate it with experiments (Petrich et al. 1998) and numerical simulations (Mackaplow 
& Shaqfeh, 1996; Sundararajakumar & Koch, 1997). Koch & Shaqfeh (1990) calculate 
the average rotation of fibers in a linear shear flow, both in the dilute and semi-dilute 
regime. They conclude that Jeffery’s theory continues to provide a good approximation to 
the fiber rotation, even in the semi-dilute regime.   
 Mackaplow & Shaqfeh (1996) show that predicted viscosities based solely on 
hydrodynamic interactions deviate from experimental measurements in the concentrated 
regime. Such a deviation is explained by the leading role of mechanical contact between 
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fibers in the concentrated regime. The nature of fiber-fiber contact in the concentrated 
regime is also investigated experimentally by Petrich & Koch (1998). They show the 
viscosity increasing with concentration much more rapidly than predicted for purely 
hydrodynamic interactions. Again, the increased viscosity has been attributed to 
mechanical contacts between fibers. 
 Numerous studies for rigid fiber suspensions have been developed (Batchelor, 
1970a; Claeys & Brady, 1993a, 1993b; Yammane et al., 1995; Sundarajakumar & Koch, 
1997). Batchelor (1970a) derives an expression for the particle stress using slender body 
theory for rigid fiber suspensions in the dilute flow regime. In addition, he determines a 
bulk average stress for a suspension of fibers in a Newtonian fluid (Batchelor, 1970b, 
1972).  
 Claeys & Brady (1993a, 1993b) model fibers as rigid prolate spheroids and 
develop a method for determining the short-range hydrodynamic interactions (lubrication 
forces) and the long-range, many-body hydrodynamic interactions. Yammane et al. 
(1995) simulate semi-dilute suspensions of rigid rodlike particles in shear flow. The 
short-range hydrodynamic interaction (lubrication approximation) is taken into account, 
whereas they ignore the long-range hydrodynamic interaction. 
 Sundarajakumar & Koch (1997) simulate semi-concentrated suspensions of rigid 
slender rods interacting through contact forces. In a suspension of smooth spherical 
particles, lubrication forces are indeed sufficiently strong to prevent solid-body contacts. 
In the case of slender fiber, they observe that lubrication is not so strong as to prevent 
actual physical contact between fibers. The lubrication force resisting normal relative 
motion is related to the instantaneous minimum gap-thickness h(t) (Sundararajakumar et 
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al. 1997). Since the gap-thickness is much smaller than the asperities on the fibers, they 
conclude that actual physical contact must occur. 
 In recent years, research has been extended to flexible fibers considering the 
actual material properties of many particles or fibers in fluid flow. Yamamoto & 
Matsuoka (1993, 1994) model flexible fibers as chains of rigid spheres connected through 
springs. The fiber model can stretch, bend and twist by changing bond distance, bond 
angle and torsion angle between spheres, respectively. They define flexibility parameters 
for this fiber model, including stretching, bending, and twisting constants for a pair of 
bonded spheres. Chain connectivity between spheres is maintained by constraints, 
producing equations that must be solved simultaneously with the equation of motion, 
which requires extensive computational time. Their model for flexible fibers agrees with 
the experimental work by Forgacs & Mason (1959).  
 Another flexible fiber is constructed by Ross & Klingenberg (1997). The fibers 
are modeled as chains of rigid prolate spheroids connected by ball and socket joints. The 
resistances in the joints are varied depending on the fiber’s flexibility. This model 
reduces the iterative constraints for solving fiber connectivity and can model high aspect 
ratio fibers. These features help to simplify computations and facilitate simulation of 
concentrated suspensions. Following this work (Ross & Klingenberg, 1997), Schmid et 
al. (2000) model flexible fibers as chains of elongated bodies (rigid rods). They 
demonstrate that flocculation can be induced by purely mechanical means, i.e. 
interparticle friction, elastic fiber deformation and irregular equilibrium shapes. Switzer 
III & Klingenberg (2003) investigate the relationships between fiber properties and fiber-
fiber interaction and the resulting rheological properties based on the suspension model 
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by Schmid et al. (2000). They show that the rheological properties depend on fiber and 
suspension characteristics such as the equilibrium shape, flexibility, aspect ratio, friction, 
concentration, and suspending fluid characteristics. The fibers are modeled as chains of 
interconnected rods under shear flow condition and fiber-fiber contact and hydrodynamic 
interactions are ignored. Lindstrom and Uesaka (2007, 2008) develop flexible fibers 
which are modeled as chains of fiber segments. This work is a further study from Schmid 
et al. with several additions into the new model includes the effects of particle inertia, 
non-creeping fiber fluid interactions, hydrodynamic interaction between fibers, self-
interactions, and the introduction of artificial damping the fiber segment joints to reduce 
the numerical instability of the new model.  
 
Fiber flocculation 
 In application such as papermaking and fiber-reinforced composites, a 
homogenous dispersion of fibers is desired in order to yield a uniform product. Wood 
pulp fibers in particular tend to aggregate in a process known as flocculation, which 
produces spatially heterogeneous structures. The term flocculation is defined as the state 
of non uniformity in a fiber suspension, or as the process by which fiber flocs form.  
According to Parker (1972), the minimum number of fibers required to form a floc with 
distinct mechanical properties is four. Therefore, a floc can be as small as four fibers and 
increase in numbers to quite large amounts.  
 Flocculation only occurs if fibers interact. Experiments have demonstrated that 
numerous factors affect flocculation including concentration, fiber shape, fiber aspect 
ratio, shear rate, and type of fluid flow. The mechanisms that produce the fiber 
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flocculation are related to fiber-fiber contact. For many fiber suspensions, mechanical 
and elastic effects are the dominant mechanisms that determine fiber structure and fibers 
networks (Forgas & Mason, 1958; Kerekes, et al, 1985; Mason, 1950). Phenomena of 
mechanical surface linkages form due to contacts involving irregularly shaped fibers. 
Fibers found in pulp suspensions are naturally deformed at equilibrium and may become 
entangled by hooking. In addition to that, fibers may be fibrillated, that is small fibrous 
entities of the fiber may extend out from the fiber surface. In this case, the fibrils of 
contacting fiber surfaces may become mechanically entangled. A phenomenon of elastic 
fiber interlocking occurs when flexible fibers form an elastic network. Flowing fiber 
suspensions may experience sufficient viscous forces to cause fibers to elastically 
deform. As the fibers attempt to relax, they can become locked in elastically strained 
configurations due to contacts with other fibers. The fiber surfaces experience friction 
forces which are proportional to the normal force between fibers, and the normal force is 
a function of the fiber flexibility.  
 
Fiber suspension rheology 
Relative viscosity 
 Hydrodynamic theories that predict the Newtonian viscosity for suspensions have 
been developed for different shapes of particles. These theories can be shown in general, 
 
φαμ 01 +=r ,     (2.12) 
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where rμ is the relative viscosity (
0μ
μμ =r ), φ is the volume concentration, and 0α is 
a dimensionless factor determined by the shape, dimensions, and orientations of the 
suspended particles.  




























,  (2.13) 
 
where d
L  is the length-to-diameter or aspect ratio of the rod and θ  and ϕ  are the 
spherical coordinate. He neglects wall effects, Brownian motion, slip, and particle 
interactions. In addition, he neglects effects due to the thickness and ends of the rods. 
 Experimental studies on the viscosity of suspensions of rigid rods have been made 
by Nawab and Mason (1958), and Myers (1962), where none of their results agreed with 
theory or among themselves. Nawab and Mason show their experimental data, and they 
suggest the data are about three times larger than predicted by Burgers due to curved 
fibers used in the viscosity determinations. Therefore, it is expected that fiber curvature 
has a significant effect on the viscosity. Kitano et al. (1981) present an empirical 
relationship between relative viscosity and volume fraction for various fillers such as 
glass and carbon fibers. Their results suggest different materials would produce different 
suspension viscosities. Goto et al. (1986a, b) determine experimentally the relationship 
between fiber flexibility and suspension viscosity. They find more flexible fibers produce 
higher viscosity than the stiffer fibers. In this work, a computational method is applied to 
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 Wood fibers vary in length, width, and cell wall thickness and these differ widely 
within and between wood species. Hardwood fibers are shorter than softwood, make 
lower strength pulps, and usually exhibit a narrower distribution for their important 
dimensions. Softwood tracheids or hardwood fibers are both papermaking fibers and the 
size differences are inherent features (see tables 3, 4, 5 for fiber properties).  
 
Softwood fiber 
 Fibers from northern softwood species produce a different balance of product 
properties than those from Douglas fir and southern pines. Northern fibers exhibit better 
fiber bonding, higher tensile and burst strength, and lower tear strength than kraft pulps 
of Douglas fir or southern pine. Although studies show that the chemical composition 
does not vary significantly between these fiber types, the fiber dimensions are very 
different.  
Species: 
Norcan Softwoods: White Spruce, Black Spruce, Jack Pine, Balsam Fir, Norway Spruce, 
Scotch Pine, White Pine, Silver Fir, Alpine Fir, Norway Pine, Eastern Hemlock. 
Southern Softwoods: Loblolly Pine, Shortleaf Pine, Longleaf Pine, Slash Pine, Parana 
Pine, Maritime Pine. 
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West Coast Softwoods: Douglas fir, Western Hemlock, Redwood, Western Red Cedar, 
Ponderosa Pine, Western Larch, Sitka Spruce, Englemann Spruce, Lodgepole Pine. 
 
Hardwood fiber 
 Hardwood fibers also display differences associated with the region in which they 
are grown. Commercially, hardwood pulps are used in paper and board grades intended 
for printing where the highest quality surface properties and appearance are needed. The 
fine hardwood fibers promote good formation, bulk, smoothness, and opacity compared 
with longer and coarser softwood fibers.  
Species: 
Northern Hardwoods: Bigtooth aspen, Quaking aspen, Balsam Poplar, Black 
Cottonwood, Yellow Birch, Paper Birch, Red Alder, Beech, European Oak, Sugar Maple, 
Red Maple, Ash. 
Southern Hardwood: Black Willow, Southern Cottonwood, White Oak, Hickory, Yellow 
Poplar, Red Gum, Sycamore, Tupelo. 









Table 3: Wood fiber properties A 




 Range Average Range Average   
Softwood Fibers: 0.025 - 0.035 0.03 3.0 - 4.0 3.2 100 0.280 - 0.392 
Norcan Softwood 0.025 - 0.030 0.03 3.0 - 3.5 3 100 0.3 
Southern Softwood 0.035 - 0.045 0.04 3.1 - 3.6 3.5 87 0.328 - 0.332 
West Coast 
Softwood 
0.035 - 0.045 0.04 3.5 - 4.0 3.5 87 0.318 - 0.392 
Hardwood Fibers 0.016 - 0.025 0.022 0.8 - 1.5 0.9 40 0.318 - 0.430 
 







   range average range average 
Softwood Fibers: 0.32 - 0.56 0.3 - 0.56 0.002 - 0.007 0.004 18 - 32 22 
Norcan Softwood  0.37 - 0.49 0.002 - 0.01 0.0044  19.8 
Southern Softwood  0.31 - 0.48 0.0017 - 0.007 0.0036 25 - 32 26 
West Coast Softwood  0.46 - 0.56  0.0038 22 - 32 26 

























Softwood Fibers: 31.4 - 58.4 2.8 - 7.8 6.1 - 11.6 45.5 - 
111.7 
7.7 - 13.7 
Norcan Softwood 37.3 - 44.2 3.1 - 4.5 7.3 - 8.5  8.3 - 12.1 
Southern Softwood 49.2 - 58.4 5.4 - 6.6 9.6 - 11.6 80 12.1 - 13.7 
West Coast 
Softwood 
31.4 - 49.0 2.8 - 7.8 6.1 - 8.6 45.5 - 
111.7 
7.7 - 12.9 




Fiber simulation methods 
 In early studies, the boundary element method (BEM) is used to study 
suspensions (Pan-Thien & Kim, 1994). BEM is a useful and accurate technique to solve 
Stokes flow past particles with arbitrary shape; however, BEM generates a boundary 
integral equation of the first kind, which does not converge well in numerical iterative 
solution. Pan-Thien & Kim (1994) simulate periodic suspensions of prolate spheroids 
accounting for the hydrodynamic interaction among particles. The computation demand 
of BEM limited their applications in suspension simulation. Clays & Brady (1993) 
employ a different numerical method called Stokesian dynamics to simulate the 
suspension of prolate spheroids, accurately evaluating both long-range and short-range 
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hydrodynamic interactions. Though accurate, Stokesian dynamics simulations are still too 
computationally demanding to simulate the microstructure evolution of fiber suspensions.  
 More efficient methods are developed in terms of approximately calculating the 
fiber interactions. Mackaplow and Shaqfeh (1996) use slender body theory to simplify 
the boundary integral equations for fibers and account for the hydrodynamic interactions 
among fibers. This method underestimates the short-range hydrodynamic interactions, 
because the slender body theory works only for remote particles. Fan et al. (1998) use the 
slender body approximation to calculate the long-range hydrodynamic interaction among 
fibers and the lubrication approximation to calculate the short-range hydrodynamic 
interactions between close neighboring fibers.  
 Particle-level simulations are another common method used for investigating 
particle suspensions (Fan et al., 1998; Joung et al., 2001, 2002; Sundararajakumar & 
Koch, 1997; Switzer & Klingenberg, 2003; Yammane et al., 1995; Yamamoto & 
Matsuoka, 1993, 1994; Ross & Klingenberg, 1997; Schmid et al., 2000; Switzer III & 
Klingenberg, 2003; Lindstrom & Uesaka, 2007). Yamamoto and Matsuoka et al. (1993) 
develop the Particle Simulation Method (PSM), which is based on the Stokesian 
Dynamics framework with a few important differences. First, the rigid spheres in 
Stokesian Dynamics method are no longer independent entities, but linked by internal 
bonds to construct fiber-like bead-chain structures. Linkages between spheres exhibit 
linear extension, bending and torsional stiffness, allowing the bead-chain structures 
deform elastically. Ross and Klingenberg (1997) utilize a similar method to produce their 
Particle-level Dynamic Simulation. Unlike Yamamoto and Matsuoka who construct 
structures from linked spheres in direct contact with each other, Ross & Klingenberg 
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attempt linking prolate spheroids and widely spaced ball-and socket subunits in order to 
reduce the number of simulated bodies. In particle-level simulation methods, each 
particle is solved numerically using the equation of motion to obtain the particle position 
and orientation over time, therefore predicting the suspension microstructure. However, 
since this is a microscopic method, solving the equation of motion for fibers in a 
suspension at each instant of time is a computationally demanding process.  
 Dewei Qi (2006) has constructed a new method for direct simulation of flexible 
fibers using lattice Boltzmann method. For the fluid phase, simulations are based on a 
lattice Boltzmann equation, and for the solid domain, a slender solid body is discretized 
into a chain of consecutive spherical segments contacting each other. The method is 
verified using a rigid particle method, and the results demonstrate a reasonable accuracy 
and are consistent with existing experimental results for inertial flows.  
 This current project uses the similar method to Dewei Qi, which is based on 













COMPUTATIONAL METHOD AND SIMULATIONS 
 
   
Lattice Boltzmann method (LB) 
 To understand the motivation for using the LB method, general modeling methods 
for particle suspensions are explained. Basically, there are three main method catgories 
used to model particle suspensions. Wolffe et al. (2002) review their relative advantages 
and disadvantages.  
 The first category is called the macroscopic method. The method models the 
particle suspension as a continuum media using the Navier-Stokes equations for 
incompressible fluid flow and then the particle suspension is discretized by mesh 
generation. Mesh generation is a discretization of a geometric domain into elements such 
as triangles for two-dimensional meshes and tetrahedrons for three-dimensional domains.  
The outcome of the model is a system of nonlinear equations, which can be solved using 
finite element (FE) or finite-difference numerical methods. This macroscopic method has 
been used successfully to model particle suspensions such colloidal particles and 
sedimentation (Brady & Bossis, 1988, Hu et al., 1992). However, it is computationally 
expensive in systems with fine resolution meshes, particularly for three-dimensional 
cases.  
 The second category is the so-called microscopic approach. The method models 
the molecular world and is known as molecular dynamics (MD) simulations. Each 
particle is solved using equation of motion to determine the particle position and velocity 
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over time. Since each particle follows the exact same rules of motion, the method is easy 
to implement and parallel, however, solving the equations of motion for a large number 
of particles at each instant of time is a computationally intensive process.  
 The third category is the mesoscopic method, which includes the LB method. The 
method uses cellular automata organized into a restricted lattice structure. Instead of 
discretizing the continuum Navier-Stokes equations, fluid particles are situated at each 
discrete point of the lattice. Through statistical averaging, the collective behavior of the 
fluid particles approximates the dynamics of the continuum equations.  The LB method is 
a powerful technique for simulating fluid flow and modeling fluid physics (Ladd, 
1994a,b; Ladd & Verberg, 2001; Aidun & Lu, 1995; Aidun, Lu & Ding, 1998; Aidun & 
Qi, 1998). Some advantages of this method include a straightforward implementation of 
physical rules, easy incorporation of complex geometries and the ease of parallelization. 
The core concept behind the LB method is the solution of the Boltzmann equation on a 
regular lattice using discrete velocities. At every time step, fluid particles propagate to 
neighboring lattice nodes and undergo a collision operation, which redistributes the 
momentum. Local mass and momentum for given nodes are obtained by summing the 
particle mass and momentum on the links coming from the nodes. The LB equation is 
written as (McNamara & Zanetti, 1988; Chen et al., 1992; Hou et al., 1995), 
)],(),([1),()1,( )0( tftftftf iiiii xxxex σσσσσ τ
−−=++
 ,  (3.1) 
where fσi(0) ( x , t) is the equilibrium distribution at position x, and time t,  fσi( x , t) is the 
single-particle distribution function, ρ is the node density, iσe  is the velocity vector in the 
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σi direction, and τ is the relaxation time. Figure 3.1 shows a diagram of velocity model 
for simulating two dimensional flows.  
 
 
Figure 3.1: Two-dimensional lattice spacings 
 
 In three-dimensional cases, there are several possible lattice arrangements fifteen-
velocity (D3Q15), nineteen-velocity (D3Q19), and twenty-seven-velocity (D3Q27). Mei 
et al. (2000) investigate the three-dimensional cases lattice Boltzmann velocity models 
and analyze the efficiency, accuracy and robustness of each. The velocity models with 
the boundary treatment are determined for several different problems including fully 
developed flows in a square duct, flow in a 3-D lid-driven cavity, fully developed flows 
in a circular pipe, and a uniform flow over a sphere. They find that the D3Q15 model is 
prone to numerical instability, the D3Q27 model is computationally intensive and the 
D3Q19 model provides a balance of computational reliability and efficiency (increase 
computational speed and stability). Hence, for this research, the nineteen-velocity 
(D3Q19) velocity models is chosen for iσe . Figure 3.2 shows schematic of lattice 
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spacings for the D2Q9 and D3Q19 models. Tables 6 and 7 provide the velocity vector for 
two-dimensional case (D2Q9) and three-dimensional case (D3Q19). 
 
 
Figure 3.2: Schemactic lattice spacings two-dimensional nine-velocities (D2Q9) and 




Table 6: Velocity vector for two-dimensional nine-velocities (D2Q9) 
 
k σ i eσix eσiy | eσi | 
0 0 1 0 0 0 
1 1 1 1 0 1 
2 1 2 0 1 1 
3 1 3 -1 1 1 
4 1 4 0 -1 1 
5 2 1 1 1 √2 
6 2 2 -1 1 √2 
7 2 3 -1 -1 √2 





Table 7: Velocity vector for three-dimensional eighteen-velocities (D3Q19) 
 
k σ i eσix eσiy | eσi | 
0 0 1 0 0 0 
1 1 1 1 0 1 
2 2 1 1 1 √2 
3 0 2 0 1 1 
4 1 2 -1 1 √2 
5 2 3 -1 0 1 
6 0 3 -1 -1 √2 
7 1 4 0 -1 1 
8 2 4 1 -1 √2 
9 2 5 1 0 √2 
10 2 6 0 1 √2 
11 2 7 -1 0 √2 
12 2 8 0 -1 √2 
13 1 5 0 0 1 
14 2 9 -1 0 √2 
15 2 10 0 -1 √2 
16 2 11 1 0 √2 
17 2 12 0 1 √2 
18 1 6 0 0 √2 
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 The relaxation time is related to the viscosity by υ = 1/6 (2τ – 1), where ν is the 
kinematics viscosity measured in lattice units. For τ = 1, the distribution functions are 
exactly set to the equilibrium distribution. The coefficients for the equilibrium 
distribution function are determined by conservation laws for mass, momentum and 
kinetic energy, and they are specified in two-dimensional and three-dimensional cases 
(Ding & Aidun, 2003). There are three types of particles on each node of a square lattice: 
a particle at rest (σ =0), a particle moving in a perpendicular direction (σ =1), and a 
moving particle in a diagonal direction (σ =2). 
 The equilibrium distribution function, ),()0( tf i xσ  is defined as 
]u)()([ 22)0( σσσσσσσ ρ DCBAf iii +⋅+⋅+= ueue ,  (3.2) 
where ρ  is the density  and u  is the continuum velocity vector  of the fluid. Tables 8 and 
9 show the distribution coefficients for two dimensional and three dimensional cases. 
 
Table 8:  Equilibrium distribution coefficient for two-dimensional case 
σ Aσ Bσ Cσ Dσ 
0 4/9 0 0 -2/3 
1 1/9 1/3 1/2 -1/6 
2 1/36 1/12 1/8 -1/24 
 
Table 9:  Equilibrium distribution coefficient for three-dimensional case 
σ Aσ Bσ Cσ Dσ 
0 1/3 0 0 -1/2 
1 1/18 1/3 1/4 -1/12 
2 1/36 1/12 1/8 -1/24 
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 A collision occurs when the particle distribution is relaxed toward equilibrium. 
Then, the particle distributions are streamed to their neighboring nodes along the 
direction of motion according to their velocities. At this point, boundary treatments and 
particle dynamics are applied. The no-slip wall bounce-back scheme is generally applied 
for boundary conditions, where the momentum from the incoming particle is bounced 
back in the opposite direction after the particle hits the wall. The scheme assumes that the 
wall is located halfway between nodes (Ladd & Verberg, 2001). For a stationary no-slip 
wall, it assumes that the fluid node is adjacent to the stationary no-slip wall. For a moving 
no-slip wall, the no-slip condition at the solid-fluid boundary assumes that the fluid 
adjacent to the solid surfaces moves at the same velocity as the solid surface. The 
bounce-back equation for a stationary and a moving no-slip wall can be found in Aidun et 
al. (1998). At the end of the LB time step, new macroscopic properties can be 



























   (3.3) 
 
Finite element method (FE) 
 Several computational methods for simulating flexible particles, mainly fibers, 
have been mentioned previously. The fiber model in these methods assumes a single 
flexible fiber composed as a chain of spheres. In this project, a single fiber is modeled as 
a rod-like particle using the FE method. The fiber is constructed as a continuum fiber 
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structure which makes the model more realistic to the actual fiber. In addition to that the 
fiber can be deformed using the finite element method. The FE method is employed 
because it is a well-developed method that has been applied to numerous problems. 
Commercial finite element modeling software (ANSYS) is used to model and mesh the 
fibers, as well as the calculation of global mass, damping, and stiffness matrices. The 
method can model irregularly shaped bodies and vary the size of the elements to make it 
possible to use small elements where necessary. Example time steps can be seen in figure 
3.3, where a solid particle behaves like rigid at initial time to determine its translation and 
rotation, and then the deformation of a solid particle is calculated. 
 
 
Figure 3.3: Step Simulation of a solid particle 
 
 The FE method uses small-interconnected elements to model a structure. A 
displacement function (for a two-dimensional case or a tetrahedron for a three-
dimensional case) is associated with each element. Every interconnected element is 
linked, directly or indirectly, to every other element through common interfaces, 
including nodes, boundary lines, and surfaces. The total set of equations describing the 
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behavior of each node results in a series of algebraic equations best expressed in matrix 
notation.  
 Discretizing a FE model involves dividing the body into an equivalent system of 
finite elements with associated nodes and choosing the most appropriate element type. 
The total number of elements used and their variation in size and type within a given 
body are primarily engineering judgments. The elements must be made small enough to 
give usable results yet large enough to reduce computational effort. 
 
Dynamic analysis 
 The equations of governing the linear dynamic response of system of finite 
elements are shown as: 
FKxxCxM =++ &&& ,    (3.4) 
 
where M, C,and K are the mass, damping and stiffness matrices calculated in ANSYS; F 
is the external load vector; x , x&  and x&&  are the displacement, velocity, and acceleration 
vectors of the finite element assemblage. The external load consists of 
 
FFFF =++ )()()( tEtDtI ,   (3.5) 
 
where )(tIF  are the inertia forces, xMF &&=)(tI , )(tDF  are the damping forces,  
xCF &=)(tD , and )(tEF  are the elastic forces, KxF =)(tE , all of them being time-
dependent. Therefore, in dynamic analysis, in principle, static equilibrium at time t, 
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which includes the effect of acceleration-dependent inertia forces and velocity-dependent 
damping forces, is considered. In static analysis, the equation of motions of finite element 
method (equation 3.4) is considered, with inertia and damping effects neglected.  
 
The Newmark method 
 The dynamic finite element analysis is solved using Newmark method which is a 
direct integration method. The Newmark method expresses the deformation and velocity 
at time  1+t  from t as in the following equation: 
( )[ ]xxxx tttt t &&&&&& 11 1)( ++ +−Δ+= γγ  ,   (3.6) 
 
( )[ ]xxxxx ttttt tt &&&&& 12121 )()( ++ +−Δ+Δ+= ββ    (3.7) 
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Substituting x , x&  and x&&  into the dynamic finite element equation gives 
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Therefore the equation is simplified as 
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Finally, the direct integration method can be expressed as 
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 At preliminary phase, this project involves two-dimensional work. In the two-
dimensional case, the method is simplified such that the total force and total torque are 
assumed to be zero (Stokes flow), therefore the Navier-Stokes reduce to 
,02 =∇+∇− uP     (3.12) 
0  ,0 ==•∇ Fu     (3.13) 
 
 Ding & Aidun (2004) investigate a new LB technique by conditioning the 
relaxation time (τ=1 in this case) in the lattice Boltzmann equation for Stokes flow. The 
method is so-called Stokesian Lattice Boltzmann Method (SLBE). The lattice equation is 
simplified to 
   ),,()1,( )0( tftf iii xex σσσ =++    (3.14) 
   )]([)0( ue ⋅+= ii BAf σσσσ ρ     (3.15) 
 
 The method is accurate and computationally efficient. The forces along a link 
iσ where connecting a boundary node of the solid particles and one of its adjacent fluid 
nodes is calculated as 
,62 iiiii wfF σσσσσ ρ eu •+−=    (3. 16) 
where iwσ  is the weighing factor for the particle at equilibrium, and 
)( 21 ii σσ eRUu −×Ω+=     (3.17) 
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The total force and torque on a solid particle is calculated by taking the summation over 
all links: 








σ eRTeF ×== ∑∑   (3.18) 
 
Particle velocity and orientation are calculated from the conditions of force-free and 
torque-free, therefore the calculation force becomes (Ding & Aidun, 2004) 
, 0GVWPG +•+=     (3.19) 






























  (3.20) 
( ) ,       6     , 2 iiiii wf σσσσσ ττρτ ∑∑ =−= WP   (3.21) 
 
where P is the force when the particle at rest, W.V is the force by motion of particle, G0 
is the external force, G is the total force and total torque such that equal to zero, U is the 
particle velocity vector, Ω  is the particle orientation, R is the radius of solid particle and 
W is a 3 x 3 matrix in two-dimensional case and 6 x 6 matrix in three-dimensional case 
respectively.  
 Translation and rotation of the solid particle are calculated based on the particle 
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where 0x , 0y  and 0za  are the position and orientation of the particle center; ix0 , iy0  and 
iza 0  are the prior position  and orientation of the particle center. 
 
Two-dimensional case fluid-solid coupling 
 In the deformation phase, the finite element (FE) and lattice Boltzmann (LB) 
methods are coupled. The deformation of a solid particle is calculated by using the FE 




Figure 3.4: Intersection and interpolation of the coupling method. 
 
 
 As seen in figure 3.4, the coupling process occurs through intersection and 
interpolation. Lattice nodes on the side and right side of a solid surface line are depicted 
as solid lattice nodes (  ) and fluid nodes (  ). The boundary surface divides some 
of the LB links such that they cross from solid to fluid lattice nodes. The fluid causes a 
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force via bounce-back boundary condition at a discrete location on the finite element 
mesh and this force is linearly interpolated to the finite element nodes.  










iiydjjy FkFFkF   ,      ,   )1( _1___   (3.24) 
where ii is the number of links, jj is the number of FE surface nodes,  Fx_ii and Fy_ii  are 
the force link estimations. 
 The last step for calculating the deformation for solid particles is to perform a 
matrix calculation of the global stiffness matrix as a matrix inversion and forces. In this 
case, the static finite element is used to simplify the preliminary study.  
, )3()3( nnnnn ++ = FxK     (3.25) 
 
where F is the FE surface forces ( jjxF _ , jjyF _ ), K is the global stiffness matrix, n is the 
matrix dimension and x  is the displacement for each FE surface node. Previously, the 
constraints had been added to the global stiffness matrix, and the equations became 
overdetermined. To avoid this condition, the global stiffness matrix is converted into a 






++++ = FKxKK  
 
          K′             F ′  
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  FxK ′=′ n    (3.26) 
 Direct methods (matrix inversion and gauss elimination) are used to solve these 
linear simultaneous equations. Matrix inversion is preferred because the global stiffness 
is not updated every time step in simulation (it is determined only once in a simulation). 
Conversely, Gauss elimination on the global stiffness matrix should be renewed for every 
lattice Boltzmann time steps.  
 
Reference coordinates for two-dimensional case 
 In the finite element method, both local and global (or reference) coordinates are 
applied. Local coordinates are always chosen to conveniently represent the individual 
element, and global coordinates are chosen to be convenient for the whole structure. 
Example coordinates are shown in figure 3.5 for global coordinate (X, Y) and local 
coordinate (x, y). 
 
 




































     
(3.27)
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Application in two-dimensional case:  an elliptical cylinder in a simple shear flow 
 In order to evaluate the coupling method, two elliptical cylinders with aspect ratio 
2:1 and 5:1 are presented and compared to the theoretical result (Jeffery’s theory). The 
theoretical assumption is given by Jeffery (1922) to determine the particle orientation is 
shown as 
 
           ,   (3.29) 
 
where ϕ  is the particle orientation, G is the shear rate, t is the lattice Boltzmann time, b 
is the major axis, c is the minor axis, ly is the domain height, and lx is the simulation 
domain length. 
 The first example shows two elliptical cylinders of varying elasticity in simple 
shear flow with aspect ratio 2:1. The simulation conditions are the following 
- Each particle is set at the center of domain which is similar to Jeffery’s model;  
- the ratio of computational domain to each particle diameter is set much larger 




















- the particle behaves like rigid or near rigid (Young’s modulus number, E is 100) 
and flexible fiber (Young’s modulus number is about 3). 
 
 
Figure 3.6: An elliptical cylinder with a 2:1 aspect ratio in a simple shear flow (Rezak, 
2005) 
 
 Figure 3.6 shows the results of the simulation where the y-axis represents particle 
orientation, and the x-axis represents non-dimensional time. The near rigid particle is 
denoted by blue solid line, the flexible particle is denoted by red solid line, and the 
theoretical result is denoted by the pink solid line. The results show that the near rigid 
particle (FE-SLBE with high Young’s modulus number, E is100) is close to the analytical 
result. Hence, the method gives an accurate result for this condition. As the flexibility 
increases (FE-SLBE with low Young’s modulus number, E is 3), the particle is rotating 
faster than the near rigid one. However, there is fluctuation of the particle surface when 
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the flexibility of a particle increases, which can cause an oscillation of its aspect ratio as 
shown in figure 3.7. If this fluctuation grew, the system can become unstable. This is one 
limitation of the current method that should be solved.  
 













The Second example is an elliptical cylinder in a simple shear flow with a 5:1 aspect 
ratio.  
 
Figure 3.8:  An ellipse cylinder aspect ratio 5:1 in simple shear flow 
 
 For the second example, the simulation conditions are similar to the particle 
aspect ratio 2:1. The finite element-Stokesian lattice Boltzmann method (FE-SLBE) for 
near rigid particle is compared to rigid particle using the LB method (general lattice 
Boltzmann method).  Figure 3.8 depicts the results of simulation with the near rigid 
particle (FE-SLBE) with an aspect ratio of 5:1 is denoted by the brown solid line, the 
flexible particle (FE-SLBE) with an aspect ratio of 5:1 is denoted by the red solid line, 
the theoretical result (Jeffery’s theory) is denoted by the pink solid line, and the rigid 
particle (LB) is denoted by the blue solid line.   
 Figure 3.8 shows the orientation of the particle versus the non-dimensional time. 
The near rigid and flexible particles using lattice Boltzmann technique with Stokes flow 
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modification (FE-SLBE) has shown a numerical inaccuracy for aspect ratio 5:1. This 
inaccuracy is caused by a long residence time at the horizontal orientation, which causes 
sensitivity in the period of rotation.   
 Therefore, to reduce the fluctuation found in higher aspect ratio particles, the 
coupling method needs to be modified by integrating the damping and mass factors into 
the finite element equation and applying the general lattice Boltzmann method. These 
modifications have been developed for three dimensional case.  
 
Three-dimensional case 
Finite element three-dimensional case: tetrahedral solid element 
 Tetrahedral linear-elastic solid elements are used to model a solid flexible fiber in 
this study. The three-dimensional solid fiber is discretized into many tetrahedrons, which 
can be seen in figure 3.9.  
 




Figure 3.10b: a fiber model consists of tetrahedrons. 
 
One of these tetrahedrons divided into four volumes where the common point is at (xe, ye, 
ze) as shown in figure 3.9. The shape function equation of a tetrahedron or the position of 

































































e       (3.30) 
 
where V is the tetrahedron volume and h1, h2, h3, h4 are 




Vh =====  (3.31)  
 
14321 =+++ hhhh       (3.32) 
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 In order for the four coordinate { }4321   ,  ,  , hhhh  to describe the three coordinates 
(xe, ye, ze), it must be supplemented by a constraint (equation 3.33) and using natural 
coordinates in figure 3.9, this constraint can be given as 
 
,  1        ,   ,   , 4321 ζηξζηξ −−−==== hhhh        (3.33) 
 
 These are volumes in ) , ,( ζηξ  space. A typical function is given by 
,   ) , ,(),,(  4 ii ieee xhzyxx ζηξ∑=      (3.34) 
 
where ui are the nodal values of the function and x, y, z coordinate become 


















      (3.35) 
 
where x14 = x1 – x4, and so on. The strains are obtained in terms of derivatives of 










































































































































































































  (3.36) 
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where [ ]J  is called the Jacobian operator relating the natural coordinates to the local 




















J      (3.37) 
The inverse is given by 
























=−    (3.38) 
where 
[ ] [ ] [ ] [ ]243434241424343424142434342414  det yxyxzxzxzyzyzyxJ −+−+−=   
 
The determinant of Jacobian is related to the volume of the tetrahedron. Note that [ ]J  
and its inverse are constants related to the coordinate of the tetrahedron. Therefore, for 
Stiffness matrix is given as (Bath, 1982) 
 
,   VBDBK dT∫=      (3.39) 
 






























































= = shear modulus 
υ p is the Poisson ratio, E is the Young’s Modulus. 
The matrix M is the mass matrix of the structure, which is given as 
 
,     ∫= VHHM T dρ       (3.40) 
,  ),,(),,( Xzyxzyxx eeeeee H=  
 
where H is the displacement interpolation matrix or the shape function, ),,( eee zyxx is the 
displacements measured in a local coordinate system within each element and X is a 
vector of the three global displacements at all nodal points. 
 The Rayleigh damping matrix C is proportional to the mass matrix on an element 
level, therefore 
 
,  KMC βγ +=      (3.41) 
 
where γ  and β  are constants chosen to dampen the high frequency modes. Since this 
study is using Newmark method for solving dynamic-finite element, there are several 
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conditions to choose the damping constants. For damping analysis, Newmark model is 
conditionally stable (linear acceleration method) if 
,   (3.42) 
 
where MAXω  is the maximum frequency in the structural system (i.e., γ = 1/2, β = 1/6). 
Newmark’s method is unconditionally stable (average acceleration method) if  
,    (3.43) 
 (i.e., γ = 1/2, β = 1/4). However if γ  is less than 21 , errors are introduced because of the 
negative damping result and the analysis becomes unstable. 
 
Particle rotation for three-dimensional case 
 All finite element calculations are done in a body fixed coordinate system, which 
combined with the assumption of small deformations, results in the finite element 
matrices being invariant. Therefore, the local on body fixed coordinate is fixed on the 
particle center of mass and oriented using the average angular displacement of the finite 







Reference coordinate (three-dimensional case) 
 In three-dimensional case, the eulerian angle transformation is used to transform 
fibers coordinate. The euler angles (ϕ,θ,ψ) and corresponding rotation matrices are given 
as 
A rotation about z-axis (ϕ) 



















   
(3.44) 
A rotation about x’-axis (θ) 




















   
(3.45) 
A rotation about z”-axis (ψ) 



















   
(3.46) 
 
Therefore, the the sequence of rotations is concatenated as follows 
    ( ) ),(")(')(,,"' ψθϕψθϕ zxzZZX RRRR =  























































Hence the coordinate transformation from local to global 




























R T ZZX ψθϕ
   
(3.48) 
The coordinate transformation from global to local 





























   
(3.49) 
 
where X, Y, Z are the global coordinates, x,  y, z are the local coordinates, and the 
inverse of a rotation matrix is equal to its transpose, consequently R-1 = RT. 
 
Three-dimensional case fluid-solid coupling 
 The coupling process occurs through intersection and interpolation similar to the 
two dimensional case. A deformation of a solid particle is calculated by using the FE 
method. The fluid flow that causes a solid particle to deform is determined by the LB 
method. For 3-Dimensional case, lattice links on each finite element surface are obtained 




Figure 3.11:  Ray-Triangle Intersection method 
 
 
 In this method, lattice links are represented as rays which are projected along the 
lattice directions and intersections with the triangle finite element solid surfaces are 
determined using a fast, minimum storage ray-triangle intersection method (Moller & 
Trumbore, 1997). The intersection algorithm explains the origin of the ray (Or) with link 
direction (Dr), and then changes the base of that vector which yields a vector (tr ur vr)T, 
where tr is the distance to the plane in which the triangle lies and (ur , vr) represents the 
barycentric coordinates inside the triangle. A point Tr(ur, vr) on a triangle is given by 
 
   ,)1(),( 2r1r0rr VVVT rrrrrr vuvuvu ++−−=   (3.50) 
 
where (ur , vr) are the barycentric coordinate or intersection on triangle in barycentric 
coordinate, which are constraint such that 1  and  0, ≤+≥ rrrr vuvu . Computing the 
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intersection between the ray, R(t) and the triangle, Tr(ur , vr), is equivalent to R(t) = Tr(ur , 
vr), which yields 
rrrrrrrrrr VvVuVvuDtO 210)1( ++−−=+               



















−−−   (3.51) 
 
 
Denoting rrr VVE 011 −= , rrr VVE 022 −=  and rrr VOT 0−= , the solution is obtained 
 

















































   (3.52) 
 
 The no-slip bounce-back scheme is generally applied for boundary conditions, 
where the momentum from the incoming particle is bounced back in the opposite 
direction after the particle hits the wall. The boundary condition assumes the wall is 
located halfway between nodes (Ladd & Verberg, 2001). For a moving boundary is 
described as (Aidun et al., 1998) 
 




where )(biFσ  is the force exerted on the particle for any lattice link, σi is the lattice link 
direction, σi’ is the lattice link with direction opposite to that of link σi. The boundary 
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velocity, ub, is determined by linear interpolation from the finite element nodal velocity 
on the surface intersected by the link. The particle-distribution function ( ifσ ) can be seen 
in equation 3.1. 
 Resolving the solid boundary requires overlying the unstructured finite element 
mesh on the structured LB lattice. As seen in figure 3.4, the intersections of the lattice 
direction vectors with the solid mesh define the boundary location. Lattice nodes on the 
interior of the solid are depicted as solid lattice nodes, lattice nodes on the exterior of the 
solid depicted as fluid nodes. Fluid particles traveling from fluid lattice nodes to solid 
lattice nodes are bounced using equation (3.53), and the boundary force is linearly 
interpolated to the nearest finite element nodes. 
 
Fiber-fiber in contact 
 In order to prevent fibers from penetrating each other, contact must be detected 
and an appropriate contact force applied. The contact force exerted on segment fiber-I 
can be found as 
    IJ
d
IJcI hF n ].exp[ 2−−= ς  ,   (3.54) 
where ς is the magnitude of contact force constant, hIJ is the minimum gap between 
fiber-I and fiber-J, d is the fiber diameter, and nIJ is the normal unit vector between 
segment at the point of minimum separation directed from I to J. To calculate the 




Figure 3.12:  Segmentation of a fiber for solving fiber-fiber contact 
 
 After that, a minimum separation distance between fibers, gIJ is obtained by 
calculating the closest distance between segments of fiber-I and fiber fiber-J (figure 
3.12).  Gap minimum, hIJ is found by subtracting the minimum separation distance (gIJ) 
by fiber diameter (d). 
 
 
Figure 3.13:  Interaction between fiber segments I and J 
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 Once contact point and contact force are known, the contact force is distributed to 
finite element nodes by finding the closest nodes from the contact point and its adjacent 
surfaces.  
 Algorithm for fiber-fiber contact can be explained; first a fiber is constructed as a 
rod cylinder and divided into segments. Each segment has its center of mass, which is 



























where XIc, YIc, ZIc are the center of mass each segment of fiber-I, XI, YI, ZI  are the finite 
element node position of fiber-I, nI denotes the total number of finite element nodes per 
segment.  
 Second, the minimum separation distance between particle-particle and particle-
wall is determined for different boundary conditions (no-slip and periodic boundary 
conditions), and the schematic is illustrated in figure 3.13. To obtain a minimum 
separation distance between particles or fibers, the position of a fiber (Fiber-I or Fiber-J) 
in simulation domain is calculated. It is necessary to account for periodic boundary 





Figure 3.14: Schematic of a fiber in a rectangular channel with periodic boundary 















X IC  XIC = XIC – Ratio domain*lx       > 1.0 
Case II:  XIC  < lx 
lx
X IC−  XIC = XIC + (Ratio domain+1)*lx < 0.0 














X JC  XJC = XJC – Ratio domain*lx      > 1.0 
Case II:  XJC  < 0 
lx
X JC−  XJC = XJC + (Ratio domain+1)*lx < 0.0 
Case III: 0 <XJC < lx  0 XJC = XJC 0.0 – 1.0 
 










Z IC  ZIC = ZIC – Ratio domain*lz       > 1.0 
Case II:  ZIC  <  0 
lz
Z IC−  ZIC = ZIC + (Ratio domain+1)*lz < 0.0 
Case III: 0< ZIC < lz  0 ZIC = ZIC 0.0 – 1.0 
 














ZJC = ZJC + (Ratio 
domain+1)*lz 
< 0.0 
Case III: 0< ZJC < lz  0 ZJC = ZJC 0.0 – 1.0 
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 Figure 3.14 illustrates the calculation of minimum distance between fiber-I and 
fiber-J and highlights the need to account for domain periodicity. Fiber-I is located at x1 
from the origin, and since the periodic boundary condition is applied, it is also located at 
lx + x1 from the origin point. Then the minimum distance is determined from both 
locations (x1 and  lx + x1) of fiber-I to fiber-J. 
 
 




 Finally, the contact forces are distributed into finite element nodes by finding the 
closest finite element triangle surfaces from finite element contact points. The contact 







Example: sphere in a shear flow  
 The motion of a sphere in a simple shear flow is compared with Jeffery’s work 
(1922). In this work the orientation of a single, neutrally buoyant, non-Brownian, sphere 
is shown to move in a cyclic and unchanging orbit (figure 3.15).  The simulated sphere 
radius (r) is 10.4 lattice units, the fluid particle domain is 70 x 70 x 70, the Reynolds 
number is 0.93 (Re = Gd2/ν), and the relaxation time is 1.0. 






ϕ  of a sphere with 
dimensionless shear rate (Gt). The LB results agree with the analytical result for a near 
rigid deformable at both fine and moderate discretizations.  
 
 
Figure 3.16: Orientation of a three-dimensional sphere 
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Example: fiber with low aspect ratio  
 A fiber (aspect ratio, Ar,  is 3:1) with near rigid elasticity (E=100) is considered. 
The fiber contains 95 finite element nodes with 186 triangular surfaces. Fiber diameter is 
9.2 lattice units with 27.6 lattice units length.  The particle is placed centered in shear 
flow with a fluid domain of 60 x 70 x 60, and the top and bottom wall are moving with 
velocity 0.05. The time relaxation is 1, and the Reynolds number is 0.73. Figure 3.16 
shows a three-dimensional picture of the fiber. The fluid domain describes as velocity 
magnitude in the x, y, and z directions. The fiber is oriented in the shear (z) direction and 
rotates in the xy plane. 
 
 
Figure 3.17: A fiber with an aspect ratio of 3:1 in simple shear flow (velocity magnitude 









 The simulation result is compared to the analytical solution for fiber orientation. 
In figure 3.17, the particle orientation is plotted against non-dimensional shear rate (Gt) 
and the near rigid fiber (┅, red dash line) agrees well with the theoretical results (━, 
black solid line) with an error less than 1%.  
 Figures 3.18a and 3.18b show the end segment displacement of near rigid, aspect 
ratio 3:1 in the xy plane perpendicular to the vorticity or z direction. The displacements in 
the z direction do not change much and need not be shown. The displacements are 
calculated from the end point of the fiber relative to the center of mass of the fiber. The 
displacements are plotted against the non-dimensional shear rate (Gt).  
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Figure 3.19:  XY-displacements of a near rigid fiber (aspect ratio = 3:1) are plotted 
against non-dimensional rate (Gt) 
 
 The simulations for different stiffnesses are carried out at the same particle 
Reynolds number.  The motion of a single flexible fiber with a Young’s modulus is 0.025 
is presented in shear flow. The resulting end displacements are expressed as function of 
time which is illustrated in figures 3.19a and 3.19b. The figures show that initially, the 
rotational behavior of the flexible fiber looks like that of a near rigid fiber. After a short 
of period time, the flexible fiber has a tendency to rotate more rapidly than a rigid fiber. 
The lower stiffness fiber exhibits more shape deformation during rotation, therefore, for a 
flexible fiber the period tends to decrease causing faster rotation than a rigid fiber.  
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Figure 3.20:  X and Y displacements of a near rigid fiber (aspect ratio is 3:1)  compared 
with a flexible fiber (aspect ratio is 3:1) 
 
 Snapshots from the simulation of a flexible fiber are shown in figure 3.20. The 






24.1= ) is 3.549.  
 
Figure 3.21:  Snapshots of a flexible fiber with an aspect ratio of 3:1 with moving top and 
bottom domain walls (velocity magnitude is shown) 
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Example: fiber in a shear flow  
 For an ellipsoidal solid particle in simple shear flow at low Reynolds number, the 
rotation follows 












   
 
           (3.56) 
 














where Ar is the fiber aspect ratio (Ar=L/d where L is the particle length and d is the 
particle diameter), G is the shear rate and C is a constant of integration, called the orbit 
constant, given by the initial orientation,  
 For a cylindrical particle, an equivalent aspect ratio is used (Cox, 1971) 
 











where Are is the effective aspect ratio. 
 In this simulation, a near rigid fiber is examined to validate with Jeffery’s theory. 
The particle domain is set to 75 x 90 x 75 lattice units, fiber diameter (d) is 4.8 lattice 
units, Reynolds numbers is 0.05 (Re = Gd2/ν), and fiber length is 43.2 lattice units. 
Length units are in lattice spacings, and time units are in simulation time steps. A unit 
conversion of LB units to the metric system is explained: 
- Actual domain height simulation is 0.1 m and simulation domain height is 90 
lattice units. Therefore, 1 length lattice unit is 0.00111 m. 
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- Kinematic viscosity of water is 0.01 cm2/seconds. Relaxation parameter value (τ) 
is 1. Therefore, lattice Boltzmann kinematic viscosity is (2τ-1)/6 = 0.167 length 
lattice unit2/time lattice unit. 
- Density of water is 1g/cm3. Density of water in lattice Boltzmann units is 1 mass 
lattice unit/length lattice unit3. Therefore, 1 mass lattice unit is 1.37 x 10-6 kg. 
  The orientation of simulated fibers and a rigid fiber form Jeffery’s theory are 
plotted against the dimensionless shear rate in figure 3.21. The results from the 
simulation show that the orientations of a near rigid fiber a rigid fiber from Jeffery’s 
theory are relatively close to each other. This is presenting that the simulation results in 
good agreement with theory. 
 
Figure 3.22: Simulation results of flexible fibers and a near rigid fiber compared with 
Jeffery’s theory 
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 Figure 3.22 plots the displacements of a near rigid fiber as a function of non-
dimensional time, Gt. The displacements are from the end of the fiber segment relative to 
the fiber center. The top y-displacement is marked by a red solid line (⎯⎯), the bottom 
y-displacement is marked by red dashed line (-------). The top x-displacement is marked 
by blue dashed line (-------), and the bottom x-displacement is marked by blue solid line 
(⎯⎯). The period measured from figure 3.22 is 49.303 nondimensional shear units for 
the near rigid fiber. The period is 2% different from Jeffery and Cox’ theoretical value, 
which are predicted by Gt = 2π (Are + 1/Are ) is 48.11.  
 
 
Figure 3.23: X and Y displacements of near rigid fiber aspect ratio = 9:1 plotted against 
non-dimensional rate, Gt 
 
 Forgacs and Mason (1959) observe in experiments involving very dilute 
suspensions with concentrations much less than 0.01% where fibers are essentially 
isolated. When subjected to laminar shear, fibers tend to orient themselves in the 
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direction of the flow, and when in motion they rotate, and for flexible fibers, they also 
bend.  
 Dewei Qi (2006) investigates the effect of stiffness for a flexible fiber in shear 
flow, and he shows results consistent with experiments and theory (Forgacs & Mason, 
1959; Ross & Klingenberg, 1997; Skjetne, et al. 1997). He shows that the fiber with 
lower stiffness exhibits more shape deformation during rotating. In this study, flexible 
fibers are built with Young’s moduli of 0.1 and 0.05. It is noted that the Young’s 
modulus fiber in water is 6 x 106 Pa (Jafari et al.). It is equivalent to 2.8 (mass lattice 
units/ (length lattice units)*(time lattice units 2), therefore the Young’s modulus for this 
simulation result is 0.35 higher than the actual Young’s modulus fiber. Recall, a fiber 
with lower Young’s modulus will increase its flexibility. Figure 3.23 shows that fibers 
with lower Young’s moduli are rotating faster than the near rigid one. Fibers with low 
Young’s modulus numbers experience deformation during rotating in a shear flow.  
 In figure 3.23, end y-displacements are plotted as a function of time for different 
fiber flexibilities. It is determined from end arbitrarily fibers segments (top and bottom 
end segment) relative to the fiber center. It has been mentioned previously in near rigid 
fiber of aspect ratio is 9:1 where the period of the measured result is 48.303, which is 
about 2% different from theoretical values. As flexibility increases (a decrease in 
Young’s modulus), the orbital period is reduced. The trend follows Dewei Qi’s results 
and the experimental findings of Forgacs and Mason (1959), which demonstrates that the 





Figure 3.24: Simulation results of flexible fibers and near rigid fiber: The displacement 




 Figure 3.24 illustrates the motion of a fiber with deformation in three-dimension. 
The aspect ratio of the fiber is 9:1, Young’s modulus is 0.01, and the effective aspect 
ratio is 7.5288. The fiber is rotating and deformating into an S shape or curved 
intermediate shape, after which it straightens out again. This deformed shape can be seen 
in higher aspect ratio, Forgacs and Mason (1959) observed this shape in the motion of the 
rayon filament in simple shear flow.  
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Figure 3.25: Snapshot of a flexible fiber with an aspect ratio of 9:1 in shear flow (top and 






Example: interaction of two fibers  
 It is known from experimental data that flexible fibers tend to aggregate to form 
flocs. These flocs are undesirable as they lead to problems in the resulting products. 
Figure 3.25 shows examples of solid body interactions between fibers in the absence of 
repulsive forces resulting in aggregation.   
 
Figure 3.26: Fibers in contact (no repulsive or contact forces are taken account) 
 
 
 It is commonly required in the papermaking process to keep the concentration of 
fiber as low as 1%. One way to enhance the uniformity of the fiber suspension is to 
dissolve or to disperse the aggregates by adding dispersant agent. In this project, adding 
the contact forces among the fibers in the simulation is primary key to disperse the 
aggregate in fluid.  The procedure to find contact forces has been explained in previous 
section for fiber-fiber in contact. 
 As shown in figure 3.26, initial body forces are given to the fibers to investigate 
the solid mechanics interactions between the two approaching fibers in a channel. As 
illustrated in this figure, the fibers gradually approach each other due to the body forces, 
and a collision is expected to occur when the surfaces come into contact.  
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To prevent penetration when two surfaces of fibers are approaching each other, the 
repulsive forces (equation 3.54) are applied to the two surfaces. Thus, the forces lead to 
separation of fibers after a short amount of time. The fibers appear to bend slightly due to 
the body and contact forces.  
 Figure 3.27 illustrates a similar setup to figure 3.26, except in this case attractive 
forces are added to the repulsive forces for a certain minimum approaching distance (hIJ) 
between fibers. The purpose to add repulsive and attractive forces is to model surface 
charges of fibers. As illustrated in figure 3.27, it appears that there is a slight contact 
between fibers occurring for a short time. The repulsive forces are taking place, following 
this stage and leading the separation between two fibers. Furthermore, the attractive and 
repulsive forces (equation 3.58) are retained for the reminder of the many fiber 
simulations in this project.  
  ( ) ( )( ) IJIJIJdIJcI hhhF n  2 32120 ].exp[ ςςςς +−+−−=    (3.58) 
 




























Example: interaction of fibers  
 The fiber-fiber interactions for a 3:1 aspect ratio can be seen in figure 3.28. The 
simulation domain is 100 x 100 x 90 (lattice unit spacings), volume fraction is 0.04, fiber 
length is 27.6 lattice units, fiber diameter is 9.2 lattice units,  Reynolds number is 0.25 
and relative viscosity is 1.12. At initial time (snapshot-1), no fiber interactions occur. As 
the top and bottom walls move, creating shear, the interaction among fibers occurs 
(snaphot-2 to -6).  
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Figure 3.29: Snapshots of fibers with an aspect ratio of 3:1 with volume fraction of 0.004 





RHEOLOGY OF SUSPENSION 
  
  
 Effective properties are the macroscopic, properties of multiphase materials. In 
general, they depend on the constituent (phase) properties and the microstructure of the 
materials. For two-phase solid-liquid mixtures or suspensions, an effective shear 
viscosity, μ  is simply called effective viscosity. It is defined and assumed to be a 
function of the solids volume fraction, φ. 
 In the dilute limit, i.e., volume fraction φ  0, the effective viscosity, μ, of 
suspensions with rigid, spherical particles is obeys the Einstein relation (1906)  
  
φαμ  1 0+=r , 5.20 =α ,  0.0  0 →φ    (4.1)  
 
 
where rμ is the relative viscosity (
0μ
μμ =r ),φ  is the volume concentration, μ denotes 
the effective suspension viscosity, and μ0 denotes the viscosity of the suspending fluid.   
 The intrinsic viscosity [μ] is 















Using the intrinsic viscosity, the Einstein relation can be formally generalized to  
   
[ ]φμμ  1 +=r       (4.3) 
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Jeffery (1922), in rigorous treatment of the motion of a rigid ellipsoids and spheroids 
with a certain aspect ratio, is the first to calculate values for [μ] as a function of the 
particle aspect ratio. Therefore, equation (4.3) is called the Jeffery-Einstein relation.  
 Jeffery (1922) tries to determine the viscosity increase of a suspension over its 
solvent due to the presence of hydrodynamically isolated ellipsoid particles. However, 
the rotations of particles render his energy dissipation calculation indeterminate, owing to 
the effect of instantaneous particle orientation and the need to know the initial particle 
orientation.  
 Burgers (1938) derives a dimensional factor ( 0α ) for the case of cylindrical rods.  
It can be expressed as follows: 
 

















rA  ,   (4.4) 
 
 
where Ar = d
L  is the length-to-diameter or aspect ratio of the rod, θ  and ϕ  are the 
spherical coordinates, and 0α  is a dimensionless factor determined by the shape, 
dimensions, and orientations of the suspended particles.  
 This theory is based on the assumption that rigid cylindrical particles suspended 
in shear flow are without inertial effects and Brownian motion. In addition to these 
conditions, wall effects are neglected, and there are no interactions between particles. 
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 Nawab and Mason (1958) suggest using an equivalent ellipsoid aspect ratio, Are, 
in the results obtained from Jeffrey’s equations by Burgers. Using this modification the 
expression for the relative viscosity becomes 
 





















   
(4.5) 
 
 Several experimental studies (Eirich, 1936; Nawab & Mason, 1958; Myers, 1962) 
have been done to predict viscosity for rigid rods suspensions, however, none of the 
results obtained in these studies agree with theory or among themselves. This 
disagreement is because of a lack of understanding of the effects of fiber properties on 
viscosity.  
 Blakeney (1966) experimentally studies the effect of concentration on the relative 
viscosity at concentrations where fiber-fiber interactions are negligible. He uses fibers 
with aspect ratios of 19.2:1 and 20.3:1 at concentrations up to 0.009 in a concentric 
cylinder viscometer. At concentrations 0.0042 to 0.0050, there is a sudden increase in the 
relative viscosity followed by a slight decrease and a second increase. This behavior 
correlates to a corresponding increase and decrease in the orientation factor over the same 
concentration range. A general experimental viscosity-concentration relation for 
suspension is given by Blakeney as follows 
    
2
021 ) ( 1 φαφμ KKr ++=  ,   (4.6) 
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where K1 is a dimensionless factor determined by the shape, dimension, and orientation 
of the suspended particles, K1 = 0α   , K2  is determined to give the best fit of the 
experimental data, and φ  is volume concentration.  
 Figure 4.1 depicts the results of the viscosity measurements which it is redrawn 
from Blakeney’s experimental result. He applies two sets of fibers in this study: 
1. Straight fiber aspect ratio 19.2:1 fiber diameter 16.9 microns (denoted by blue solid 
circle, ), Straight fiber aspect ratio 20.3:1 fiber diameter 20.3 microns (denoted by 
blue hallow circle, ) 
2. Nylon fiber aspect ratio 19.2:1 fiber diameter 16.9 microns (denoted by blue solid 
triangle, ), 
Nylon fiber aspect ratio 20.3:1 fiber diameter 20.3 microns (denoted by black hollow 
triangle, ). 
 In this simulation, relative viscosity is calculated from the ratio of top or bottom 
wall pressure to suspension pressure which is given as follow 




r = ,      (4.7a) 
 
where Pwall is the wall pressure (= top or bottom wall force / top or bottom wall area), G is the shear rate 
(= top wall velocity, u1 – bottom wall velocity, u2/ height simulation domain, ly), μ is the dynamic viscosity (= 
fluid density,ρ x kinematic viscosity,ν) 
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Fiber suspensions with an aspect ratio of 18:1 
Low concentration suspensions 
 To compare with Blakeney’s results, a simulation is performed with near rigid 
and flexible fibers having an aspect ratio of 18:1 (fiber length and diameter are 86.4 
lattice units and 4.8 lattice units). Initially the fibers are placed in random positions in the 
simulation domain. To create shear flow, the top and bottom walls move.  Relative 
viscosities are calculated for volume concentration less than 0.006 to verify with 
experimental measurements. Table 14 shows relative viscosity results for different 
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volume concentrations of near rigid, aspect ratio 18:1 fibers. These values are also 
compared with the experimental and theoretical measurements.  
 
Table 14: Values of relative viscosities as a function of volume concentration with near 









 In figure 4.2, relative viscosity is plotted against near rigid fibers suspensions 
from simulation, experimental and theoretical results for varying suspension 
concentrations. Near rigid fiber simulations are shown as solid Square ( ) in 
concentration up to 0.006 and the results are compared with experimental results by 
Blakeney (1966). Blakeney’s (1966) data shown as solid circle ( ) and solid triangle 
( ) for different type of fibers with aspect ratio of 19.2:1, and hollow circle ( ) and 
hollow triangle ( ) for different type of fibers with aspect ratio of 20.3:1. Simulation 
results compare well with both theory and experimental observations.  
 Figure 4.3 depicts eight near-rigid or straight fibers in shear flow from the 
simulations. The simulation parameters are as follows: simulation domain is 140 x 155 x 
140 lattice spacing units, relaxation time is 1.0, Reynolds numbers is 0.09, and volume 




Figure 4.2:  Relative viscosity for near rigid fiber suspension simulation with aspect ratio 
18:1 for dilute and semi-dilute fiber suspension. The results are compared to experiments 
by Blakeney (1966). 
 
 
Figure 4.3:  Near rigid fibers with an aspect ratio of 18:1 in shear fluid flow 
  
 With increasing fiber flexibility, i.e., decreasing Young’s modulus, the relative 
viscosity of the suspension is higher than the near rigid case. Table 15 shows simulation 
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results from flexible fibers with volume concentration up to 0.006. This effect can be 
seen in figure 4.4, where the relative viscosities are plotted against suspension 
concentration for flexible fibers. Flexible fibers from the simulation are denoted by solid 
diamonds ( ), near rigid fibers from the simulation results are denoted by solid squares 
( ), and Blakeney’s experiment data are shown as solid triangles ( ) for rigid fiber 
aspect ratio 19.2:1 and hollow circles ( ) for rigid fiber aspect ratio 20.3:1. Fibers 
deformation tends to increase the orientation of the fibers and fiber-fiber interactions, 
raising the value of relative viscosity. 
  Flexible fiber simulation pictures can be seen in figure 4.5 for a volume fraction 
of 0.006. The simulation parameters are as follows: domain is 140 x 155 x 140 lattice 
spacing units, fiber diameter is 4.8 lattice spacings, fiber length is 86.4 lattice spacings, 
and relaxation time is 1.0. Fiber-fiber interactions are shown infrequently because of the 
dilute concentration of suspension, however, as is visible in figure 5.4 the fibers quickly 
create networks among them in a short time period (interactions among the fibers are 
denoted by the red circle).  
Table 15: Values of relative viscosities as a function of volume concentration with 









Figure 4.4:  Relative viscosity for flexible fiber suspension simulations with fiber aspect 
ratio of 18:1 for dilute and semi-dilute fiber suspension. The results are compared to 






Figure 4. 5:  Snapshots of aspect ratio 18:1 flexible fibers with a volume fraction of 0.006 
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High concentration of suspensions 
 Higher volume concentrations for fiber suspensions with an aspect ratio of 18:1 
are analyzed. Figure 4.6 shows the relative viscosities for near rigid fiber suspensions 
(hollow diamonds, ) and for flexible fiber suspensions (red solid triangles, ). The 
relative viscosities have a tendency to increase with the volume fraction of suspensions. 
Moreover, increasing flexibility causes the suspension to produce higher relative 
viscosities values.  
  
 
Figure 4.6: Dilute and semi-dilute relative viscosity results for near rigid fiber suspension 




Figure 4.7 depicts an example of a flexible fiber suspension with a volume fraction of 
0.008. Simulation domain is 140 x 155 x 140 lattice units, fiber length is 86.4 lattice unit 
spacing, fiber diameter is 4.8, and Reynolds number is 0.1. 
 
Figure 4.7:  Snapshots of flexible fibers aspect ratio 18:1 for volume fraction 0.008 
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Fiber suspensions with aspect ratio of 9:1 
Low concentration suspensions 
 Following this work, fiber suspension aspect ratio 9:1 is constructed to verify the 
numerical method of the simulation. Based on the experimental measurements from 
Blakeney (1966) and the theoretical values from Mason & Manley (1959), near rigid 
fibers are simulated up to volume concentration of 0.006. Table 16 shows the volume 
concentrations of near rigid fibers and the simulated relative viscosities. The comparison 
between simulation results and theoretical can be seen in figure 4.8, where the predicted 
values have 0.2% average error. Flexible fibers from simulation results are shown as 
solid circles ( ), and the theoretical values are shown as solid line (━). 
 
Table 16: Values of relative viscosities as a function of volume concentration with 









Figure 4.8: Relative viscosity for near rigid fiber suspension simulations with an aspect 
ratio  of 9:1  for dilute and semi-dilute fiber suspension. The results are compared to 
theoretical results (Mason & Manley). 
 
 
High concentration suspensions 
 The study of higher volume concentration for fiber aspect ratio 9:1 is continued 
for different fiber flexibilities. Figure 4.9 shows the fiber suspensions for near rigid fiber 
(denoted by red asterisks, ) and  flexible fibers (denoted by black solid circles, ). The 
simulation results show the increase of relative viscosity of fiber suspension as the 
volume fraction is raised for near rigid and flexible fibers, however, the relative 
viscosities for flexible fibers are somewhat similar to relative viscosities for near rigid 
fibers. This effect is because of low Reynolds numbers are applied for flexible fibers, 
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showing that the Reynolds numbers have influence in addition to the relative viscosity 
values. Increasing Reynolds numbers will raise the relative viscosity of fiber suspension.  
 
 
Figure 4.9: Relative viscosity for near rigid and flexible fiber suspensions simulation with 










Application to paper manufacturing 
 Paper consists of a network of fibers, where the most commonly used fibers in 
manufacturing are cellulose fibers from wood. To produce paper a fiber suspension (a 
mixture of water and cellulose fibers) with a mass fraction of fibers less than 1% enters 
the part of the paper machine often referred to as a headbox. The main assignment of the 
headbox is to transform a pipe flow, with a diameter of about 800 mm, to a uniform jet 
around 10 mm thick and up to 10 m wide. The modern headbox typically consists of 









 The fiber suspension is usually fed to the headbox from a perpendicular direction 
to the nozzle and jet. Usually the flow distributor has a tapered geometry designed to give 
a constant static pressure across the machine width. This design ensures that the speed of 
the headbox jet is constant along the width of the paper machine. On exiting the 
manifold, the fiber suspension enters the tube bank through a system of holes, usually 
representing around 10% of the area. The main purpose of the tube bank is to produce a 
pressure drop to promote a more uniform flow profile across the full width of the 
papermaking machine. Each flow channel in the tube banks of modern headboxes feature 
a step-difuser design, which results in a defined separation of the flow, which provides a 
controlled and elevated pressure drop.  
 
 




 A study of rheology of fiber suspensions has been done previously in shear fluid 
flow. Several factor such as fiber aspect ratio, fiber flexibility, volume fraction, and fiber 
orientation affect the rheology (relative viscosity) of a suspension. Flow of fiber 
suspension in headbox through uniform flow is involving interaction among fibers as 
seen in figure 4.11. 
 In this project, modifying the wall boundary conditions is needed to accomplish a 
domain similar to diverging channel or headbox (figure 4.12a). The top and bottom walls 
in simulation domain must be changed into inclined static top and bottom walls. To 
calculate these walls, a ratio a/b = p/q is taken into account (schematic figure 4.12b), 

























































where yitop is the top wall of the diverging channel, yibottom is the bottom wall of the 
diverging wall, ly is the domain height, lx is the domain length, xi is the point of lattice-
node in x direction, h is the height from the center wall to y = ly – 1/2. The top and bottom 







Figure 4.12: a) Schematic of diverging channel with boundary conditions applies for each 
wall direction (in three-dimensional view); b) Schematic of diverging channel in xy-plane 
for determining the top and bottom domain walls. 
 
 Modifying walls boundary conditions as illustrated in figures 12a and 12b is time 
consuming for the project; therefore, to simplify the domain simulation, the channel is 
adjusted as shown in figures 4.13a and 4.13b. The diverging channel is modeled as a 
rectangular channel with half cylinders on the top and bottom walls. The top and bottom 
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walls act as fixed walls with no-slip boundary conditions, while the other walls are 




Figure 4.13: a) Schematic of simplified diverging channel with boundary conditions 
applied for each wall direction (in three-dimensional view); b) Schematic of simplified 




 Considering two different regions, the bounce-back walls are also treated in a 
different way. For flat region or area-a, the bounce back on the top and bottom walls are 
similar with the previous rectangular channel and for constricted region or area-b, the 
bounce back on the walls are adjusted to the curve wall. Figure 4.14 shows the fluid 
nodes (solid circle, )  bounce back with collision (arrow line, ) and streaming (blue 
strip arrow line, ) phase occur through dummy nodes (empty circle, ). 
 
  
Figure 4.14: a) area-A: no slip boundary condition (apply to flat  top and bottom domain 
walls) b) area-B: no slip boundary condition (apply to half-circle top and bottom domain 
walls) 
 
 For x direction and z direction, the periodic boundary conditions are applied. 
Figure 4.15 demonstrates the stage of collision (red arrow line, ) and streaming (blue 
strip arrow line, ) throughout the periodic boundary condition is performed. The 
lattice fluid node is denoted by an empty circle, , and the dummy node is denoted by 




Figure 4.15: Periodic boundary conditions are apply to the x and z direction walls 
 
 The velocity distribution for uniform flow through rectangular channel is given 











υ ,    (4.9) 
 
 
where ν is the viscosity, ( )dxdp  is the pressure gradient, h is the height parameter calculated 
from the center of the domain to the top wall, and u(y) is the velocity profile in the y-
direction.  
 The Reynolds number, Re is given by 





     
(4.10) 
 
where D is the fiber diameter, ν is the viscosity (it is calculated from the lattice 
















 , and 
2
h ly=  , consequently the Reynolds number becomes 






.    
(4.11) 
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 An example of fibers flowing through the simplified diverging channel can be 
seen in figure 4.18. Initially the fibers are located in random positions. Then after a 
number of time step, the fibers start to rotate and network among themselves, which 
demonstrates fiber-fiber interaction. Fibers with an aspect ratio of 9:1 are constructed 
with coarse and near rigid finite elements. The fiber diameter is 4.8 lattice units, fiber 
length is 43.2 lattice units, Reynolds number is 0.18, and volume fraction is 0.03. The 
results show the fiber-fiber interactions occur, and these interactions tend to create 
networks similar to flocculation in suspension flow. There is little detail to be reported 
for this case since it is a preliminary result for the simplified diverging channel; therefore, 






Figure 4.16: Snapshots of simulation results of 20 near rigid fibers through simplified 







CONCLUSION AND FUTURE STUDIES 
 
   
 A novel coupling method (combining the lattice Boltzmann and finite element 
methods) has been developed.  This technique is applied to flexible fiber particle model 
to study the behavior of fibers in the papermaking process. Fibers are modeled as rod-like 
slender bodies comprised of linear-elastic solid finite elements. The applied continuum 
fiber model is more realistic for application in fiber suspensions compared to previous 
fiber models where the fibers are modeled as chain of rigid spheres or rod segments. In 
addition to that, it is a more realistic fiber model using a commercial finite element 
modeling software, where other models require some constraints to develop particle 
segments (i.e., connection rules between segments).  
 Hydrodynamic interactions in particle suspensions generally depend on shape, 
elastic properties and concentration. For spherical particle, the hydrodynamic interactions 
(i.e., lubrication forces) are sufficiently strong to prevent solid-body contacts (Aidun & 
Lu, 1998). In the case of slender fibers, it is observed that lubrication is not so strong to 
prevent actual physical contact between fibers (Sundararajakumar & Koch, 1997). The 
lubrication force resisting normal relative motion is related to the instantaneous minimum 
gap. Since the gap is much smaller than the surface roughness on the fibers, the actual 
physical contact must occur between the fibers. Therefore, this study neglects the short-
range hydrodynamic interactions between fibers and takes into account the contact forces 
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only. The contact model comprised of the repulsive and attractive forces are considered 
in a general formulation to capture the surface charges on the fibers.  
 The lattice Boltzmann method is applied in this project, which is computationally 
efficient when compared to Navier-Stokes solvers. Moreover, the lattice Boltzmann 
method can be applied to fluid flows in complex geometries (Succi et al., 1989).  
 The method developed in this project is a combination of the lattice Boltzmann 
and finite element methods. Finite element method is applied because it is a well-
developed method and has been applied for numerous applications. The fibers are 
modeled using finite element method; therefore, the fibers can be deformed, and the 
behavior of the flexible fibers and near rigid fibers can be evaluated. 
 Two-dimensional work is presented (Rezak et al., 2005) for one particle in shear 
flow using a coupled static finite element and lattice Boltzmann method in Stokes flow. 
However, there is fluctuation of the particle surface nodes when the Young’s modulus 
decreases, which is a limitation of this earlier work. In order to prevent this problem, 
damping factors are added to the dynamic finite element method in two- and three-
dimensional cases. For three dimensional solid fibers, comparisons with Jeffery’s orbit 
confirm the dilute-limit accuracy of this method.  
 Motion of a single fiber in shear flow is verified with Jeffery’s theory by placing 
the fiber at the center between two parallel plates moving in opposite direction (Couette 
flow). The fiber is neutrally buoyant and Brownian motion is neglected. The simulation 
results of near rigid fibers with aspect ratios of 3:1 and 9:1 agree with Jeffery’s theory 
with an error less than 2%. The end segment displacements are also obtained and 
compared to the rotation period between the simulation results and theoretical values. 
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 Moreover, it is demonstrated that the fiber with lower stiffness deforms more 
during rotation. This shows that the period of a flexible fiber tends to decrease and rotate 
faster relative to a nearly rigid fiber. Forgac and Mason (1959) observe the deformation 
shape of rayon filaments in a simple shear flow. In this study, the deformation shape, 
such as the curved intermediate shape can be distinguished in higher aspect ratio flexible 
fiber rotation. The results show that the near rigid fibers rotate according to Jeffery’s 
theory, and the flexible fibers show an increase in rotational velocity in agreement with 
numerical and experimental results. 
 The computational simulations in this project also cover dilute and semi-dilute 
fiber suspensions. The bulk properties of fiber suspensions for fiber aspect ratios 18:1 and 
9:1 are obtained from the simulations.  The results are then compared with data from 
experimental and theoretical studies (Blakeney, 1966; Einstein, 1926; Burger, 1938).  
The relative viscosities are measured for different concentrations and fiber flexibilities. 
The suspension relative viscosity agrees with Blakeney’s experimental results. The 
flexible fibers produce higher relative viscosities than the near rigid fibers, which results 









 The simulation cases presented in this project are performed in simple shear flow 
for comparison with experiments and theoretical analysis. The uniform flow with simple 
diverging channel is also presented as a more complex simulation domain. In conjunction 
with this work, extensions may be made to confirm the rheological behavior. A headbox 
or true diverging channel domain may be built to further study fiber suspensions in the 
papermaking process.  
 The versatile of finite element method can be extended to larger deformation by 













    
APPENDIX  
CALCULATION WALLS DIVERGING CHANNEL 
  
 
Calculation top and bottom wall for diverging channel (headbox)  
 
Figure A.1: Schematic diverging channel (headbox) 
 
 
a, b, p, q = arbitrarily ratio parameters 
yitop = top wall diverging channel 
yibottom = bottom wall diverging channel 
h = height parameter from centerline y = 1/2 (ly – 1) 
ly = height simulation domain  
lx = length simulation domain 
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Top wall diverging channel 
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